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Abstract

We investigate the structure of finite groups of order p¢, where p and ¢ are distinct prime
numbers. Under the arithmetic conditions ¢ # 1 (mod p) and p # 1 (mod ¢), and assuming
that the center of the group has order divisible by p?, we prove that such groups must be abelian.
As a consequence, we classify all possible isomorphism types using the Fundamental Theorem
of Finite Abelian Groups. We also discuss the situation in which the centrality assumption is
removed and explain how non-abelian examples may arise.
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Chapter 1

Introduction

The classification of finite groups by their order is a central topic in group theory. The order
of a group imposes considerable restrictions on the group and in many cases simple arithmetic
conditions force a group to be abelian. Classical results show that groups of order pg or
p?q, where p and g are distinct primes, are abelian, provided we have some mild congruence
assumptions.

When the exponent of a prime increases, however, the situation can become more subtle.
Groups of order pg are the first place where we can begin to think about the possibility of
non-abelian behaviour occurring (albeit still strong restrictions imposed by Sylow theory). In
particular, while Sylow’s theorems often guarantee the normality of certain subgroups, they
do not in themselves assure us that our groups will be abelian.

One of the fundamental determinants of the structure of our groups is the size of the center.
While in fact every finite p-group has non-trivial center, we can often considerably restrict
the group when we know more about the order of the whole group. In this chapter we study
groups of order p>g assuming the center has order divisible by p?.

Under this condition, we show that the group must be abelian. The proof uses a mixture
of Sylow theory and results about the structure of p-groups of order p3. Once abelianness is
proved, we classify all such groups using the Fundamental Theorem of Finite Abelian Groups.
We also briefly discuss how non-abelian examples arise when the centrality assumption is
removed, illustrating the necessity of the hypothesis.



Chapter 2

Groups

This chapter introduces basic concepts of group theory, including groups, abelian groups, and
subgroups. It also presents cosets, Lagrange’s theorem, normal subgroups, quotient groups,
and group homomorphisms and isomorphisms. They are very important in abstract algebra.

2.1 Groups

Definition 2.1.1 (Group, [5, 6]). A group is a pair (G, %), where G is a nonempty set and
* : G X G — G is a binary operation satisfying the following properties:

1. (Associativity) For all a,b,c € G, (a xb) *c = a = (b % ¢),
2. (Identity element) There exists e € G suchthata xe = exa =aforalla € G,

3. (Inverse element) For each a € G, there exists aleGsuchthataxa'=a'lxa=e.

Definition 2.1.2 (Infinite group [5]). A group G is called finite if it has a finite number of
elements. The number of elements in G is called the order of the group and is denoted by |G|.
If a group has infinitely many elements, then it is called an infinite group

Definition 2.1.3 (Abelian Group [5, 2]). A group (G, *) is called abelian if

axb=bxa foralla,beG.

Theorem 2.1.1 ([6, 4]). Let G be a group and let a, b, ¢ € G. Then:
1. G has a unique identity element.
2. Cancellation holds in G:

if ab = ac, then b = ¢; if ba = ca, then b = c.



3. Each element of G has a unique inverse.

Proof. ( We follow the method given in [6])
(1) By the definition of a group, G has at least one identity element. Suppose that e and e’ are
both identity elements of G. Then

ee’ =e

because e’ is an identity element, and also

Hence, there is exactly one identity element.
(2) Let a € G. By the definition of a group, a has at least one inverse. Let this inverse be
d, so that
da =e=ad.

Now suppose that
ab = ac.

Then, multiplying both sides on the left by d, we get
d(ab) =d(ac).

By associativity,
(da)b = (da)c.

Since da = e, we have
eb = ec.

Thus,
b=c.

The second statement is proved in the same way.
(3) Suppose that d and d’ are both inverses of a € G. Then

ad =e =ad' .

So,
ad = ad’.

By part (2), we can cancel a, and therefore
d=d'.

Thus, a has exactly one inverse. O



2.1.1 Subgroups

Definition 2.1.4 (Subgroup [5]). Let G be a group and let H C G be a nonempty subset. Then
H is called a subgroup of G if H is itself a group under the operation of G. In this case, we
write H < G.

Proposition 2.1.1 (Subgroup Test [6]). A nonempty subset H C G is a subgroup of G if and
only if
ab™' € H foralla,b € H.

Proof. (We follow the method given in [3] ).
Suppose that H < G. Then b~! € H for every b € H, and since H is closed under the
operation, we have

ab™' € H.

Conversely, assume that H # @ and that
ab™' e H
forall a,b € H. Taking a = b, we get
aa” ' =e e H.

Taking a = e, we get
eb”'=b'eH.

Then closure follows directly, since for a, b € H, we have b~! € H, and hence
alb™ '=abeH.

Therefore, H is a subgroup of G. O

2.2 Cosets and Lagrange’s Theorem

Definition 2.2.1 (Cosets [4, 1]). Let H be a subgroup of a group G. The subset
aH ={ah| he H}

of G is the left coset of H containing a, while the subset
Ha ={ha| he H}

is the right coset of H containing a.



Theorem 2.2.1 (Lagrange’s Theorem [6, 9]). Let G be a finite group and H < G. Then
|G| =[G : H] - |H],
where [G : H] is the number of left cosets of H in G. In particular, |H| divides |G]|.

Proof. (We follow the method given in [3] ).
Let |H| = n, and let the number of left cosets of H in G be k. By Proposition 4, the set of left
cosets of H in G partitions G.

For any g € G, consider the map

H — gH, hw gh.
This map is surjective by the definition of the left coset gH. It is also injective, since if
ghi = ghs,
then by the left cancellation law we obtain
hi = hy.
Hence the map is a bijection, and therefore
|gH| = |H| = n.

Since G is partitioned into k disjoint left cosets of H, and each coset has cardinality n, it
follows that

|G| = kn.
Thus G
(1ol
|H|
so |H| divides |G]|. O

2.2.1 Normal Subgroups and Quotient Groups
Definition 2.2.2 (Normal Subgroup [6, 5] ). A subgroup N < G is called normal if

gNg'=N forallg €G.
Definition 2.2.3 (Quotient Group [6, 8] ). Let N < G. The set of cosets
G/N ={gN | g€ G}
forms a group under the operation
(gN)(hN) = (gh)N.

This group is called the quotient group of G by N.



Theorem 2.2.2 ([6]). Let N be a normal subgroup of a group G. If
Na=Nc and Nb=NdinG/N,

then
Nab = Ncd.

Proof. ( We follow the method given in [6]) Suppose that
Na =Nc and Nb = Nd.

The equality Na = Nc means that a and ¢ are congruent modulo N. Hence,

a=c (modN).
Also, the equality Nb = Nd means that b and d are congruent modulo N. Thus,

b=d (modN).
Since congruence modulo N is preserved under multiplication, we get

ab=cd (mod N).
Therefore, the cosets determined by ab and cd are equal, so
Nab = Ncd.

Hence, the multiplication of cosets is well-defined. O

2.3 Group Homomorphisms and Isomorphisms

Definition 2.3.1 (Group Homomorphism [3, 5]). Let G and H be groups. A function¢ : G —
H is called a homomorphism if

e(xy) = p(x)p(y) forallx,y € G.

Definition 2.3.2 (Group Isomorphism [3, 5]). The map
¢:G—>H
is called an isomorphism, and the groups G and H are said to be isomorphic, denoted by
G =H,

if the following conditions hold:



1. ¢ is a homomorphism, that is,
plxy) = p(x)p(y) forallx,y € G.

2. @ is a bijection.

Theorem 2.3.1 ([6]). Let G and H be groups with identity elements e and ey, respectively.
If f: G — H is a homomorphism, then

1. f(eg) = eq.
2. fla™) = (f(a))_1 for every a € G.
3. Im f is a subgroup of H.
4. If f is injective, then G = Im f.
Proof. ( We follow the method given in [6])
1. Since f is a homomorphism, we have
fleg)f(eg) = fegeg) = f(eq).
Also, because ey is the identity element in H,
enf(eg) = f(eg).
Hence

fleg)f(eg) = enf(ec).

Cancelling f(eg) on the right, we obtain
fleg) =en.
2. Using part (1), we get
flaf(a) = f(a"'a) = f(eg) = en.
Thus f(a~') is an inverse of f(a) in H, so
fla™) = (fla)™.

3. By part (1), the identity ey belongs to Im f, so Im f is nonempty. If f(a), f(b) € Im f,
then

f(a)f(b) = f(ab) € Im f,
so Im f is closed under the group operation. Also, if f(a) € Im f, then by part (2),

(f(a)™ = fa') elm .
Therefore, Im f is a subgroup of H.
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4. Consider f as a map from G onto Im f. This map is surjective by definition of Im f. If
f 1is also injective, then it is a bijective homomorphism from G to Im f. Therefore, f is
an isomorphism, and hence

G=Imf.

O

Theorem 2.3.2 (Cayley’s Theorem [6, 5]). Every group G is isomorphic to a group of per-
mutations.

Proof. We follow the method given in [6]

Let G be a group. We want to show that G can be represented as a group of permutations.
Let A(G) be the group of all bijections from G to itself, with composition as the operation.
For each element a € G, define a map

s :G—G
by

¢a(x) = ax.

First, we show that ¢, is a permutation of G. To prove this, we show that it is bijective.
Lety € G. Since a”'y € G, we have

ga(a'y) =a(a”'y) =y.

So every element of G is reached by ¢,, and therefore ¢, is surjective.
Now suppose that

®a(x1) = pa(x2).

Then
ax|) = daxj.

By Theorem 2.1.1 cancelling a, we get
X1 =Xx3.
Thus, ¢, is injective. Hence, ¢, is bijective, so
¢q € A(G).

Now define a function
f:G— A(G)

by
f(a) = @a-

We prove that f is a homomorphism. Let a, b € G. Then

f(ab) = Pab-

11



For any x € G, we have
$ap(x) = (ab)x.
On the other hand,

(0a © 9p)(x) = @a(pp(x)) = pa(bx) = a(bx) = (ab)x.
Therefore,
Pab = Pa © Pb.

Hence,
f(ab) = f(a) o f(b),

so f is a homomorphism.
Finally, we show that f is injective. Suppose

fla) = f(b).

Then
Pa = Pb-
This means that for every x € G,
Pa(x) = ¢p(x).
In particular, take x = e, where e is the identity element of G. Then

a=¢ale) = gp(e) = b.

So a = b, and therefore f is injective.

G =Imf.
by Theorem 2.3.1.

12



Chapter 3

The Sylow Theorems

In this chapter, we will discuss two important ideas in group theory. First, I will explain
congruence modulo a subgroup and how it helps us divide a group into different classes called
cosets. Then, I will present the Sylow theorems, which are very useful in studying finite groups
and understanding the subgroups.

Definition 3.0.1. ([3]) Let G be a group and let p be a prime.

1. A group of order p® for some @ > 1 is called a p-group. Subgroups of G which are
p-groups are called p-subgroups.

2. If G is a group of order p“m, where p 1 m, then a subgroup of order p“ is called a Sylow
p-subgroup of G.

3. The set of all Sylow p-subgroups of G is denoted by Syl,(G). The number of Sylow
p-subgroups is denoted by n,(G), or simply n, when the group G is clear from the
context.

3.1 Sylow theorems

Theorem 3.1.1 (Sylow’s first theorem [7, 6]). If p is a prime number and p | |G|, then there
exists a Sylow p-subgroup of G.

Theorem 3.1.2 (Sylow’s second theorem [7, 6]). For a given prime p, all Sylow p-subgroups
of G are conjugate to each other.

Theorem 3.1.3 (Sylow’s third theorem [7, 6]). We denote the number of Sylow p-subgroups
of G by n,. Then the following results hold:

1. n, =1 (mod p).

2. If |G| = p"m so that p £ m, then n,, | m.

13



3. If P is any Sylow p-subgroup of G, then
np, =[G : N(P)],

where N (P) is the normalizer of P in G.

The proof of the Sylow theorems follows Hungerford’s approach [6].

Proof. Let G be a finite group and suppose that
Gl =p'm,

where p is a prime number, r > 1, and p { m.

First, we prove the existence of a Sylow p-subgroup. By the first Sylow theorem in the form
used by Hungerford, if p” is the highest power of p dividing |G|, then G contains a subgroup
of order p' for every 1 < i < r. In particular, G contains a subgroup P such that

|P|=p".

Therefore, P is a Sylow p-subgroup of G. This proves the existence of Sylow p-subgroups.
Next, we prove that all Sylow p-subgroups of G are conjugate. Let P and Q be two Sylow
p-subgroups of G. Consider the action of Q on the set of left cosets G / P by left multiplication:

q-8gP=qgP.

Since
|G/P| =[G :P]l=m

and p 1 m, the number of cosets is not divisible by p.

Since Q is a p-group, each orbit under this action has size a power of p. Hence, because
the total number of cosets is not divisible by p, there must be at least one orbit of size 1. Thus,
there exists a coset g P such that

q8P = gP
for every g € Q. This implies that
g 'qgeP
for every g € Q, and hence
g '0g <P

But P and Q have the same order, namely p”. Therefore,

¢ '0g=P.

Equivalently,
Q=gPg".
Thus all Sylow p-subgroups of G are conjugate.

14



Finally, let n,, denote the number of Sylow p-subgroups of G, and let Q be the set of all
Sylow p-subgroups of G. The group G acts on Q by conjugation:

g P=gPg".
By the result just proved, this action is transitive. The stabilizer of P under this action is
Ng(P)={g € G:gPg' =P},
which is the normalizer of P in G. Hence, by the orbit-stabilizer theorem,
np, =[G : Ng(P)].
Since P < Ng(P), we have
[G : N6(P)] | [G : P].

But
[G: P] =m.

Therefore,
n, | m.

It remains to show that
n, =1 (mod p).

Let P act on € by conjugation. Since P is a p-group, every orbit has size 1 or a multiple of p.
The subgroup P fixes itself under this action.

Moreover, P is the only Sylow p-subgroup fixed by all elements of P. Indeed, if Q € Q is
fixed by every element of P, then P < Ng(Q). Hence PQ is a p-subgroup of G. Since Q is a
Sylow p-subgroup, it is maximal among p-subgroups of G. Therefore,

PO =0.
Thus P < Q. Since |P| = |Q| = p”, we get
P=0.

Hence P is the only fixed point of this action.
Therefore, counting the orbits modulo p, we obtain

np,=1 (mod p).

Thus,
n,=1 (mod p), ny, | m, n, =[G : Ng(P)].

This completes the proof of the Sylow theorems. O

15



Theorem 3.1.4 (Cauchy’s Theorem [6]). If G is a finite group whose order is divisible by a
prime p, then G contains an element of order p.

Proof. Since p divides |G|, we can write
|G| =p'm,

where r > 1 and p does not divide m. By the First Sylow Theorem, G has a Sylow p-subgroup
P of order p".
Choose an element a € P with a # e. Since P is finite, the order of a divides |P| = p".

Hence

la| = p*

for some integer k > 1. Now consider the element
b =a?

Then b # e, and )
bP = (apk_l) =g =e.

Therefore, b has order p. Hence G contains an element of order p. |

16



Chapter 4

Groups of Order p’g

In this chapter, we study finite groups of order p>g, where p and g are distinct prime numbers.
The aim of this chapter is to answer the research question of the thesis. More precisely, we
want to prove that, under the conditions

g1 (mod p) and p#1 (mod gq),
and under the additional assumption
2
P~ 11Z(G)],

a group G of order p3g must be abelian.

The proof will be based on the results introduced in the previous chapters. In particular, we
use Lagrange’s theorem, quotient groups, Sylow’s theorems, and the Fundamental Theorem of
Finite Abelian Groups.

4.1 Method of the Chapter

The method used in this chapter is deductive. This means that we start from the assumptions
of the research question and then apply known results from group theory in order to reach the
conclusion.

Let G be a finite group such that

3
|G| = pq.
where p and ¢ are distinct primes. We assume that

g#1 (mod p), p#1 (mod g),

and
p* 1 1Z(G)I.

The main idea is to look at the quotient group

G/Z(G).

17



Since Z(G) is a subgroup of G, Lagrange’s theorem gives
1Z(G)] | 1G].

Together with the condition p? | |Z(G)|, this gives only a few possible values for |Z(G)|.
Therefore, the order of G/Z(G) is also restricted.
The important deduction is the following:

p*112(G) = |G/Z(G)| €{l,p.q.pq}.

If the quotient group has order 1, p, or g, then it is cyclic. If it has order pg, then we use
Sylow’s theorems together with the modular assumptions to show that it is also cyclic.
Finally, we use the standard result that if

G/Z(G)

is cyclic, then G is abelian. This gives the answer to the research question.

4.2 Auxiliary Results

We first need two standard results.
Lemma 4.2.1 (Cyclic quotient by the center, [3, 6]. Let G be a group. If G/Z(G) is cyclic,
then G is abelian.

Proof. Assume that G/Z(G) is cyclic. Then there exists an element a € G such that
G/Z(G) =(aZ(G)).
Hence, every element x € G can be written in the form
x=ad"z

for some integer m and some element z € Z(G).
Let x,y € G. Then there exist integers m, n and elements z;, z> € Z(G) such that

x=a"zy and y=a"z.
Since z; and z; are in the center of G, they commute with all elements of G. Therefore,

xy = (d"z1)(a"z2) = a""z122.

Similarly,
yx = (a"z2)(a"z1) = a2z,

Since

am+n — an+m
and

2122 = 2221,
we obtain

Xy = yx.

Thus every two elements of G commute. Hence G is abelian. O

18



Lemma 4.2.2 (Groups of order pg, [4,7]. Let H be a group of order pg, where p and g are
distinct primes. Suppose that

g#1 (mod p) and pz1 (mod gq).
Then H is cyclic. In particular, H is abelian.
Proof. Let nj, be the number of Sylow p-subgroups of H. By Sylow’s third theorem,
nylq and np,=1 (mod p).
Thus
np,=1 or n,=gq.

But
g#1 (mod p).

So the case n, = g is impossible. Hence
np = 1.

Therefore, the Sylow p-subgroup is unique, and so it is normal.
In the same way, let n, be the number of Sylow g-subgroups of H. Again, by Sylow’s third
theorem,
ng | p and ng=1 (mod gq).

Thus
ng=1 or ng=p.

But
pz1 (mod gq).

So the case n, = p is impossible. Hence
ng = 1.

Therefore, the Sylow g-subgroup is also unique and normal.
Let P be the Sylow p-subgroup and let Q be the Sylow g-subgroup of H. Then

Pl=p and  |Q|=gq.

Since p and ¢ are distinct primes,

PNQ ={e}.
Also,
|P||0]
|PO| = = pq
PN O]
Therefore,
H = PQ.

19



Since P and Q are normal and their intersection is trivial, we get
H=PxQ.
But P = C, and Q = C,. Since p and g are relatively prime,
CpxCy = Cpy.

Hence
H = Cpy.

Therefore, H is cyclic, and so it is abelian. O

4.3 Main Theorem

Theorem 4.3.1 (Main result; proof uses [3, 7]. Let G be a finite group of order p’g, where
p and g are distinct primes. Suppose that

g#1 (mod p) and p#1 (mod q).

Assume also that
P> 11Z(G)I.

Then G is abelian.

Proof. Since Z(G) is a subgroup of G, Lagrange’s theorem gives

1Z(G)] | |G].
But
G| = p’q.
Also, by assumption,
P> 11Z(G)|.

Therefore, the possible values of |Z(G)| are
r’. p. pa. pa
We discuss these cases one by one.

Case 1. Suppose that

1Z(G)| = p’q.
Then
1Z(G)| = |G].
Hence
Z(G) =G.

Therefore, every element of G is central. Thus G is abelian.

20



Case 2. Suppose that
1Z(G)| = p°.

Then 3
|G| P’q
IG/Z(G)| = =— =
zG) - p !

So G/Z(G) has prime order. Hence G/Z(G) is cyclic. By Lemma 4.2.1, G is abelian.

Case 3. Suppose that
1Z(G)| = p*q.

Then 3
Gl _pla_

1Z(G)| ~ pq
So G/Z(G) has prime order. Hence G/Z(G) is cyclic. By Lemma 4.2.1, G is abelian.

1G/Z(G)| =

Case 4. Suppose that

1Z(G)| = p*.
Then Gl ;
_ _P4a_
|G/Z(G)| = ZG) - 2 P

Thus G/Z(G) is a group of order pq.
Now, by the assumptions of the theorem,

qg#1 (mod p) and pz1 (mod g).

Therefore, by Lemma 4.2.2,
G/Z(G)

is cyclic. By Lemma 4.2.1, it follows that G is abelian.
In all possible cases, G is abelian. This proves the theorem. O

4.4 Classification of the Abelian Cases

We have proved that G is abelian. Therefore, we can classify G using the Fundamental
Theorem of Finite Abelian Groups [3, 10].

Since

Gl = p’q,

and p and ¢ are distinct primes, the g-part is cyclic of order g. The p-part is an abelian group
of order p°.

By the Fundamental Theorem of Finite Abelian Groups [3, 12], the abelian groups of order
p? are

Cp3, szxCp, Cp, X CpxXCp.

Also, the group of order ¢ is
Cy.

21



Hence the possible groups are
C 3 X Cys

(C2 X Cp) X Cy,

and
(CpxCpxCp) xCy.

Since p and ¢ are distinct primes, we may write these groups in the following simpler form:
C p3g>

Cp2q X Cp,

and
Cpg X Cp X Cp.

Therefore, under the assumptions of the main theorem, the possible isomorphism types are

Cp3gs Cp2g X Cp, Cpg X Cp X Cp.

4.5 The Center Condition Is Important

The condition
p* 11Z(G)|

is important. Without this condition, the group does not have to be abelian.
For example, let H be a non-abelian group of order

27 =3,
One example is the Heisenberg group over Z3. Now let
G = H X Cs.

Then
|G| =27-5=3%.5.

Here
p=3 and q=>5.

The modular assumptions are satisfied, because

5#1 (mod 3)

and
3#1 (mod)5).

However, G is not abelian, since H is not abelian.

22



Also,
Z(G) =Z(H) x Cs.

For this non-abelian group H of order 27, the center has order 3. Hence
|Z(G)| =3-5=15.
Thus
3 41Z(G)l.

So the condition
p*11Z(G)|

does not hold.
This example shows that the modular assumptions alone are not enough. The condition on
the center is needed in order to force the group to be abelian.

23



Chapter 5

Conclusion

In this thesis, we studied finite groups of order p3¢g, where p and g are distinct prime numbers.
The main question was whether such a group must be abelian under the conditions

g1 (mod p), pz1 (mod gq),

and
p* 1 1Z(G)I.

The answer obtained in this thesis is yes. Under these assumptions, every group G of order
piq is abelian.

The proof was based on the results introduced in the previous chapters, especially Lag-
range’s theorem, quotient groups, Sylow’s theorems, and the Fundamental Theorem of Finite
Abelian Groups. The main idea was to study the quotient group

G/Z(G).
Since Z(G) is a subgroup of G and
P> 11Z(G)],
the possible orders of G/Z(G) are restricted to

1, p, g, or pq.

In each case, we showed that G/Z(G) is cyclic. If its order is 1, p, or g, this is immediate.
If its order is pq, then the Sylow theorems and the modular assumptions show that it is also

cyclic. Therefore,
G/Z(G)

is cyclic in all possible cases.

Using the standard result that if G/Z(G) is cyclic, then G is abelian, we concluded that
G must be abelian. After that, the Fundamental Theorem of Finite Abelian Groups gives the
possible isomorphism types:

Cp3gs Cp2g X Cp, Cpg X Cp X Cp.
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Finally, we explained that the condition
2
P 1Z(6)]

is important, because without it non-abelian examples may occur. Thus, the modular conditions
together with the center condition are enough to force the group to be abelian and to classify
it completely.
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